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HARMONIC MAPS BETWEEN SURFACES HOMOTOPIC TO
A (BRANCHED) COVERING MAP
INKANG KIM AND XUEYUAN WAN
Abstract. In the paper, we consider the harmonic maps between surfaces
Σ and S in the homotopy class of a (branched) covering map u0. We prove
the uniqueness of critical points of energy function and the injectivity of
Hopf differential if u0 is a covering map. On the other hand, if u0 is a
branched covering, we show that the uniqueness of critical points fails if u0 is
a non-simple branched covering, and prove the injectivity of Hopf differential
Φ : T (S) → QD(Σ, g) when g = [u∗0h] for some hyperbolic metric h on S.
Introduction
Let u0 : Σ→ S be a smooth map between two Riemann surfaces of genus ≥ 2
and h be a hyperbolic metric on S. It is known that if u0 is a map of nonzero
degree, it can be homotoped to a map which factors through a pinch map and
a branched covering map [1]. In this reason we deal with (branched) covering
maps.
Eells and Sampson [4] proved the existence of a harmonic map between Σ
and (S, h) in the homotopy class [u0], and Hartman [5] proved the uniqueness.
Especially when u0 is the identity map, Schoen-Yau [12] and Sampson [11]
showed the harmonic map is a diffeomorphism. In this case, Tromba [13] proved
the uniqueness of critical points of Dirichlet’s energy, Sampson [11] proved the
injectivity of the Hopf differential of the harmonic map, and the surjectivity was
proved by Wolf [14]. In this paper, we will consider the related problems in the
case u0 is a (branched) covering map.
Firstly, we assume u0 : Σ → S is a covering map. For each t in Teichmüller
space T (Σ) of Σ, there exists a unique harmonic map ut in the homotopy class
[u0], and the energy E(ut) depends on t smoothly, hence one obtains a well-
defined energy function E(t) on Teichmüller space T (Σ), see e.g. [13]. In
[8], G. Zhang and the authors calculated the second variation of the energy
function, and proved the convexity of the energy functions at its critical points.
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Furthermore it is strictly convex when u0 is a covering map. Using the argument
of Morse theory, we proved the following result in [8, Corollary 0.2].
Theorem 0.1. If u0 : Σ → S is a covering map, then the associated energy
function has only one critical point.
In this paper we will give a direct proof of the above result by using the
uniqueness of harmonic maps in a fixed homotopy class [5]. More precisely, if u1
and u2 are two harmonic maps homotopic to u0, then ui, i = 1, 2 are covering
maps and ui : (Σ, u
∗
i h)→ (S, h) are local isometries. Let f : (Σ, u
∗
1
h)→ (Σ, u∗
2
h)
be the unique harmonic map and homotopic to identity, thus u2 ◦f : (Σ, u
∗
1
h)→
(S, h) is also a harmonic map and homotopic to u0, which implies that u1 = u2◦f
by the uniqueness of harmonic maps. So f : (Σ, u∗
1
h)→ (Σ, u∗
2
h) is a conformal
map, and [u∗
1
h] = [u∗
2
h] in Teichmüller space T (Σ). See Theorem 1.2. Here [•]
denotes the class in Teichmüller space T (Σ) = M(Σ)/Diff0(Σ), where M(Σ)
is the space the Riemannian metrics on Σ and Diff0(Σ) is the group of all
orientation-preserving diffeomorphisms of Σ which are homotopic to the identity
map where the quotient is given by the equivalence relation that two metrics
are conformal under the orientation-preserving diffeomorphisms homotopic to
the identity, see e.g. [6, Theorem 1.8].
If u0 : Σ → S is a branched covering, one may wonder whether the crit-
ical point of energy function is unique. On this problem, we prove that the
uniqueness fails in general. More precisely,
Proposition 0.2. If u0 : Σ → S is a non-simple branched covering, then the
associated energy function has at least two critical points.
Here, a simple branched covering is a branched covering that each fiber con-
tains at most one singular point and that of local degree 2, see Definition 1.5,
and a non-simple branched covering is a branched covering which is not simple.
We also consider the injectivity of Hopf differential. Let u0 : Σ → S be
a smooth map with a fixed hyperbolic metric g on Σ. For each hyperbolic
metric h on S, there exists a unique harmonic map uh : (Σ, g) → (S, h) which
is homotopic to u0. The Hopf differential of uh is given by (u
∗
hh)
2,0, which is
holomorphic since uh is a harmonic map. Thus one obtains the following map
Φ : T (S)→ QD(Σ, g), Φ(h) = (u∗hh)
2,0,
where QD(Σ, g) denotes the space of holomorphic quadratic differentials on
(Σ, g). Here we use h to denote the point [h] in T (S) since each conformal
class contains a unique hyperbolic metric. If u0 is the identity map, Sampson
[11] showed that Φ is injective, and we generalize the result to the case u0 is a
covering map.
Theorem 0.3. If u0 : Σ→ S is a covering map, then Φ is injective.
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Following [11], see also [14], if Φ(h1) = Φ(h2) then u
∗
h2
h2 = u
∗
h1
h1. Let fhi :
(Σ, g) → (Σ, u∗
0
hi), i = 1, 2 denote the harmonic maps homotopic to identity,
then uhi = u0 ◦ fhi . The key step is that we can show that the map fh2 ◦ f
−1
h1
descends to a map between (S, h1) and (S, h2), i.e. the map F := u0 ◦ (fh2 ◦
f−1h1 ) ◦ u
−1
0
is well-defined. It is a conformal map and homotopic to identity, so
h1 = h2 in T (S).
It is also natural to ask whether Φ is injective for a branched covering u0.
Here we can answer this question partially.
Proposition 0.4. If u0 : Σ → S is a branched covering, then Φ : T (S) →
QD(Σ, [u∗
0
h0]) is injective for any hyperbolic metric h0 on S.
This article is organized as follows. In section 1, we consider the unique-
ness of critical points of energy function for covering maps and prove Theorem
0.1. Then we show that the uniqueness fails for non-simple branched coverings
and prove Proposition 0.2. In section 2, we consider the injectivity of Hopf
differential and prove Theorem 0.3, Proposition 0.4.
1. Uniqueness of critical points of energy function
Let u0 : Σ → S be a smooth and surjective map. Fix a hyperbolic metric
h = ρ2|dv|2 on S, then for any hyperbolic metric g = λ2|dz|2 on Σ and any
smooth map u : Σ→ S, the energy of u is given by
E(u) :=
∫
Σ
ρ2(u(z))
(
|uvz |
2 + |uvz¯ |
2
) i
2
dz ∧ dz¯,
where u = (uv, uv¯) with respect to the local coordinates {v, v¯} on S, and uvz :=
∂zu
v and uvz¯ := ∂z¯u
v. Then u is harmonic if it satisfies the following Euler-
Lagrange equation
∂z¯u
v
z + ∂v log ρ
2uvzu
v
z¯ = 0.(1.1)
For each conformal class on Σ, there is a unique harmonic map ug which is
homotopic to u0, see [4, 5]. Thus, we obtain an energy function E(t), t ∈ T (Σ)
on the Teichmüller space of Σ, see [13, Page 66-67] and also [8, Section 1.1]. For
any surjective map u : Σ→ S, one has
(1.2)
E(u) =
∫
Σ
ρ2(|uvz |
2 + |uvz¯ |
2)
i
2
dz ∧ dz¯
≥
∣∣∣∣
∫
Σ
ρ2(|uvz |
2 − |uvz¯ |
2)
i
2
dz ∧ dz¯
∣∣∣∣ with equality iff u is ± holomorphic
=
∣∣∣∣
∫
Σ
u∗(ρ2
i
2
dv ∧ dv¯)
∣∣∣∣ = |deg u|Area(S).
Hence if u is ±holomorphic, then the energy attains the minimum, hence it is a
critical point in the Teichmüller space. Firstly, we give the definition of covering
maps, see e.g. [7, Definition 1.3.2].
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Definition 1.1 (Covering map). A local homeomorphism u : Σ → S is called
a covering if each q ∈ S has a (connected) neighbourhood V such that every
connected component of u−1(V ) is mapped by u homeomorphically onto V .
Now we give a direct proof of [8, Corollary 0.2].
Theorem 1.2. If u0 : Σ → S is a smooth covering map, then the associated
energy function has only one critical point.
Proof. Since u0 is a covering map, so the pullback metric u
∗
0
h is a Riemannian
metric on Σ. Denote by [•] denotes the conformal class in Teichmüller space
T (Σ) = M(Σ)/Diff0(Σ). Note that u0 : (Σ, u
∗
0
h) → (S, h) is a local isometry,
so u0 is ±-holomorphic between (Σ, [u
∗
0
h]) and (S, [h]), see e.g. [15, Section 1.4],
which implies that [u∗
0
h] ∈ T (Σ) is a critical point of the energy function asso-
ciated to the fixed u0 due to Equation (1.2), see also [9, 10], and [8, Proposition
2.2].
Now we assume that there exists another critical point t ∈ T (Σ), and denote
by ut the associated harmonic map corresponding to t, homotopic to u0, then
ut : (Σ, t) → (S, [h]) is ±-holomorphic. Since u0 is a covering map, so is ut.
Thus u∗th is a hyperbolic metric on Σ, and using ut = ut ◦ Id and the fact that
both ut : (Σ, t)→ (S, [h]) and ut : (Σ, [u
∗
th]) → (S, [h]) are ±-holomorphic,
(Σ, t)
Id
//
ut
$$■
■■
■■
■■
■■
(Σ, [u∗th])
ut
yyrr
rr
rr
rr
rr
(S, [h])
we get that the identity map Id between the Riemann surfaces (Σ, t) and
(Σ, [u∗th]) is biholomorphic, and so t = [u
∗
th]. Consider the following diagram:
(Σ, u∗
0
h)
f
//
u0
$$❏
❏❏
❏❏
❏❏
❏❏
(Σ, u∗th)
ut
zztt
tt
tt
tt
t
(S, h)
Denote by f the unique harmonic map between (Σ, u∗
0
h) and (Σ, u∗th), and is
homotopic to identity. Since ut is a local isometry, ut ◦ f is a harmonic map
and homotopic to u0, which follows that u0 = ut ◦ f by the uniqueness of
harmonic map [5]. So u∗
0
h = f∗u∗th, which means that f is a conformal map
and homotopic to identity. Thus [u∗
0
h] = [u∗th] = t ∈ T (Σ), which completes
the proof. 
Next we consider a fixed branched covering map u0. One can refer [2, 3] for
the details on branched coverings.
Definition 1.3 (Branched covering). A smooth and surjective map u : Σ→ S
is called a branched covering if there exists a finite set, called branch set, B ⊂ S,
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such that u : Σ\u−1(B) → S\B is a covering map, and for each point p in
u−1(B), called a singular point, the map u about p is locally equivalent to the
map z 7→ zk(z ∈ C) about 0 ∈ C for some positive integer k ≥ 2. Here k is
called a local degree, denoted by deg(u, p).
In [2], one can find the following definitions of b-homotopic and simple branched
covering.
Definition 1.4 (b-homotopic). Two branched coverings u0, u1 : Σ → S are b-
homotopic if there is a homotopy θt : Σ→ S, 0 6 t 6 1, such that θ0 = u0, θ1 =
u1, and each θt is a branched covering.
Definition 1.5 (Simple branched covering). A branched covering u : Σ → S
of absolute degree (maximum cardinality of a fiber) n > 2 is simple provided
that for each y ∈ S the fiber u−1(y) over y consists of at least n− 1 points (and
hence contains at most one singular point of local degree 2).
It turns out that the simple branched coverings are generic among branched
coverings. That is, they form an open and dense set in the space of all branched
coverings between two given Riemann surfaces.
Proposition 1.6 ([2, Proposition 3]). Any branched covering u : Σ → S is
b-homotopic to a simple branched covering by an arbitrarily small homotopy.
In general, if u0 is a branched covering, then the critical points of the associ-
ated energy function need not be unique. More precisely,
Proposition 1.7. If u0 is a smooth non-simple branched covering, then the
associated energy function has at least two critical points.
Proof. Since u0 is a branched covering, then u0 : (Σ, [u
∗
0
h]) → (S, h) is ±-
holomorphic, and [u∗
0
h] ∈ T (Σ) is a critical point of the associated energy
function E(t), t ∈ T (Σ) due to Equation (1.2). From Proposition 1.6, u0 is
b-homotopic to a simple branched covering u : Σ → S. So [u∗h] ∈ T (Σ) is also
a critical point of the energy function.
We claim [u∗h] 6= [u∗
0
h]. In fact, if [u∗h] = [u∗
0
h], then there exists a biholo-
morphic mapping f : (Σ, [u∗
0
h]) → (Σ, [u∗h]) and is homotopic to identity,
(Σ, [u∗
0
h])
f
//
u0
%%❑
❑❑
❑❑
❑❑
❑❑
(Σ, [u∗h])
u
yyss
ss
ss
ss
s
(S, h)
This implies that u◦f is ±-holomorphic and homotopic to u0. By uniqueness of
harmonic map [5], u0 = u ◦ f . On the other hand, u0 is a non-simple branched
covering while u is simple, so there exists a singular point p of u0 such that the
local degree satisfies deg(u0, p) > 2. Then
2 < deg(u0, p) = deg(u, f(p)) · deg(f, p) = deg(u, f(p)) ≤ 2,
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where the first equality follows from [3, Lemma A.17], a contradiction. Thus
[u∗h] 6= [u∗
0
h] and the proof is complete. 
2. Injectivity of Hopf differential
Let u0 : Σ → S be a smooth and surjective map with a fixed hyperbolic
metric g = λ2|dz|2 on Σ. For any hyperbolic metric h on S, there exists a
unique harmonic map
uh : (Σ, g) → (S, h = ρ
2|dv|2)
which is homotopic to u0, and the Hopf differential (u
∗
hh)
2,0 is holomorphic.
Thus, one obtains the following map:
Φ : T (S)→ QD(Σ, g), Φ(h) = (u∗hh)
2,0,(2.1)
where QD(Σ, g) denotes the space of holomorphic quadratic differentials on
(Σ, g).
Now we assume u0 is a covering map, then there exists a unique harmonic
map
fh : (Σ, g) → (Σ, u
∗
0h),
which is homotopic to identity and satisfies uh = u0 ◦fh. For the harmonic map
uh : Σ→ S, there are two natural smooth functions on Σ associated uh,
H(z) =
ρ2(uh(z))
λ2(z)
|(uh)
v
z |
2 =
(ρ2 ◦ u0|(u0)
v
w|
2)(fh(z))
λ2(z)
|(fh)
w
z |
2
and
L(z) =
ρ2(uh(z))
λ2(z)
|(uh)
v
z¯ |
2 =
(ρ2 ◦ u0|(u0)
v
w|
2)(fh(z))
λ2(z)
|(fh)
w
z¯ |
2,
which are also smooth functions associated to fh. Here, without loss of gen-
erality, we assume that u0 : (Σ, u
∗
0
h) → (S, h) is holomorphic. The Jacobian,
energy density and pullback metric of uh (or fh) are given by
Jh := H − L, eh = H + L, f
∗
hu
∗
0h = Φ(h) + Φ(h) + λ
2eh.(2.2)
Moreover, one has
∆ logH = 2H − 2L− 2, whereH > 0,
where ∆ := 4
λ2
∂2
∂z∂z¯
, and
|Φ(h)|2 =
ρ4
λ4
|(uh)
v
z(uh)
v
z¯ |
2 = HL,(2.3)
see [11, 12, 14] for related identities. Since fh is a harmonic map and is homo-
topic to identity, so fh is a diffeomorphism and H > 0 on Σ, see [11, 12]. Let
fh1 , fh2 be two harmonic maps associated to two hyperbolic metrics h1, h2 on
S, respectively.
Lemma 2.1. If Φ(h1) = Φ(h2), then (fh2 ◦ f
−1
h1
)∗u∗
0
h2 = u
∗
0
h1.
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Proof. We will follow the proof of [11, Theorem 12], see also the proof of [14,
Theorem 3.1]. Denote by Hi, i = 1, 2 the two smooth functions associated to
the harmonic maps uhi = u0 ◦ fhi ,i = 1, 2. If Φ(h1) = Φ(h2) = Φ, we claim
that H1 = H2. If H1 > H2 at some point in Σ, then at the maximum point p
of H1
H2
, one has
0 ≥ (∆ log
H1
H2
)(p) = 2(H1 −H2)(p)− 2|Φ|
2(
1
H1
−
1
H2
)(p) > 0,
a contradiction, so H1 ≤ H2. Similarly, one has H2 ≤ H1. Thus H1 = H2. From
(2.2) and (2.3), we obtain f∗h1u
∗
0
h1 = f
∗
h2
u∗
0
h2, which completes the proof. 
Now we consider the following diagram
(Σ, g)
fh1−−−−→ (Σ, u∗
0
h1)
u0−−−−→ (S, h1)
Id
y fh2◦f−1h1
y F1
y
(Σ, g)
fh2−−−−→ (Σ, u∗
0
h2)
u0−−−−→ (S, h2)
Lemma 2.2. If fh2◦f
−1
h1
is an isometry and homotopic to identity, then fh2◦f
−1
h1
preserves the fibers of u0, i.e. u0◦fh2◦f
−1
h1
(p) = u0◦fh2◦f
−1
h1
(q) if u0(p) = u0(q).
Thus
F = u0 ◦ (fh2 ◦ f
−1
h1
) ◦ u−1
0
: (S, h1)→ (S, h2)
is well-defined and homotopic to identity.
Proof. Let F1 : (S, h1) → (S, h2) be the unique harmonic map and homotopic
to the identity Id. Since F1 ◦ u0 : (Σ, u
∗
0
h1)→ (S, h2) has a homotopy
F (t) ◦ u0 : (Σ, u
∗
0h1)→ (S, h2), F (0) = Id, F (1) = F1, t ∈ [0, 1]
and u0 = F (0) ◦ u0 has a canonical lifting Id : (Σ, u
∗
0
h1) → (Σ, u
∗
0
h2), by
Homotopy lifting, there is a unique homotopy lifting F˜ (t) of F (t) ◦ u0, which is
homotopic to Id, so u0 ◦ F˜ (t) = F (t) ◦ u0. Now take t = 1, we have
(2.4) u0 ◦ F˜ = F1 ◦ u0,
where F˜ := F˜ (1) : (Σ, u∗
0
h1)→ (Σ, u
∗
0
h2). Since u0 is a local isometry, F˜ is also
a harmonic map. On the other hand, fh2 ◦f
−1
h1
is an isometry and homotopic to
identity, so fh2 ◦ f
−1
h1
is also a harmonic map between (Σ, u∗
0
h1) and (Σ, u
∗
0
h2)
and is homotopic to identity. By the uniqueness of harmonic maps, one has
F˜ = fh2◦f
−1
h1
. Combining with (2.4) we obtain u0◦fh2◦f
−1
h1
(p) = u0◦fh2◦f
−1
h1
(q)
if u0(p) = u0(q). Thus F = u0 ◦ (fh2 ◦ f
−1
h1
) ◦ u−1
0
is well-defined, and so
F = F1. 
Theorem 2.3. If u0 : Σ → S is a covering map, then the associated Hopf
differential
Φ : T (S)→ QD(Σ, g), h 7→ (u∗hh)
2,0
is injective.
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Proof. From Lemma 2.1 if Φ(h1) = Φ(h2), then fh2 ◦ f
−1
h1
is an isometry. By
Lemma 2.2, then fh2 ◦ f
−1
h1
preserves the fibers, similar is for fh1 ◦ f
−1
h2
. Thus
F = u0 ◦ (fh2 ◦ f
−1
h1
) ◦ u−1
0
: (S, h1)→ (S, h2)
is well-defined and with inverse F−1 = u0 ◦ (fh1 ◦ f
−1
h2
) ◦ u−1
0
. Moreover,
F ∗h2 = (u0◦(fh2◦f
−1
h1
)◦u−1
0
)∗h2 = (u
−1
0
)∗(fh2◦f
−1
h1
)∗(u0)
∗h2 = (u
−1
0
)∗u∗0h1 = h1.
Thus h1 = h2 ∈ T (S). 
We are wondering if the associated Hopf differential map is injective for
branched coverings. For this problem we can prove
Proposition 2.4. If u0 : Σ → S is a branched covering, then the associated
Hopf differential
Φ : T (S)→ QD(Σ, [u∗0h0]), h 7→ (u
∗
hh)
2,0
is injective for any hyperbolic metric h0 on S.
Proof. If u0 : Σ → S is a branched covering, then u0 : (Σ, [u
∗
0
h0]) → (S, h0) is
±-holomorphic for any hyperbolic metric h0 on S. Denote by h1 and h2 the
two hyperbolic metrics on S such that Φ(h1) = Φ(h2), and ui : (Σ, [u
∗
0
h0]) →
(S, hi), i = 1, 2 are the associated harmonic maps homotopic to u0. Let fi :
(S, h0) → (S, hi), i = 1, 2 and f : (S, h1) → (S, h2) be the harmonic maps
homotopic to identity. Please see the following diagram:
(Σ, [u∗
0
h0])
u1
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄
u2

❀❀
❀❀
❀❀
❀❀
❀❀
❀❀
❀❀
❀❀
❀❀
❀
u0

(S, h0)
f1
vv♠♠♠
♠♠♠
♠♠♠ f2
((◗◗
◗◗◗
◗◗◗
◗
(S, h1)
f
// (S, h2)
It is well known that the post-composition of harmonic map with a±-holomorphic
map is also harmonic. Thus fi ◦ u0, i = 1, 2 are harmonic maps, which implies
ui = fi ◦ u0 by the uniqueness of harmonic maps, and Φ(h1) = Φ(h2) is equiv-
alent to u∗
0
(f∗
1
h1)
2,0 = u∗
0
(f∗
2
h2)
2,0. This implies (f∗
1
h1)
2,0 = (f∗
2
h2)
2,0. In fact,
for any holomorphic quadratic differentials σi(v)dv
2, i = 1, 2 on S,
u∗0(σi(v)dv
2) = σi(u(z))((u0)
v
z)
2dz2.
Here, without loss of generality, we assume u0 is holomorphic. If u
∗
0
(σ1(v)dv
2) =
u∗
0
(σ2(v)dv
2), then σ1(v) = σ2(v) outside the branch set of u0. Since σ1(v) and
σ2(v) are local holomorphic and uniformly bounded functions, so is σ1(v)−σ2(v).
By Riemann Removable Singularity Theorem, one has σ1(v) ≡ σ2(v) on S. This
completes the proof of (f∗
1
h1)
2,0 = (f∗
2
h2)
2,0. From [11, Theorem 12], one has
h1 = h2 in T (S). 
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